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GLOBAL SOLUTIONS OF TWO DIMENSIONAL INCOMPRESSIBLE
VISCOELASTIC FLOWS WITH DISCONTINUOUS INITIAL DATA
XIANPENG HU AND FANGHUA LIN
Abstract. The global existence of weak solutions of the incompressible viscoelastic
flows in two spatial dimensions has been a long standing open problem, and it is studied
in this paper. We show the global existence if the initial deformation gradient is close
to the identity matrix in L2 ∩ L∞, and the initial velocity is small in L2 and bounded
in Lp, for some p > 2. While the assumption on the initial deformation gradient is
automatically satisfied for the classical Oldroyd-B model, the additional assumption on
the initial velocity being bounded in Lp for some p > 2 may due to techniques we
employed. The smallness assumption on the L2 norm of the initial velocity is, however,
natural for the global well-posedness . One of the key observations in the paper is that the
velocity and the “effective viscous flux”G are sufficiently regular for positive time. The
regularity of G leads to a new approach for the pointwise estimate for the deformation
gradient without using L∞ bounds on the velocity gradients in spatial variables.
1. Introduction
The flow of incompressible viscoelastic fluids can be described by the following equations
which are equivalent to the classical Oldroyd-B model (see [4, 5, 12, 14, 15]):

∂tu+ u · ∇u− µ∆u+∇P = div(FF
⊤),
∂tF+ u · ∇F = ∇uF,
divu = 0,
(1.1)
where u ∈ R2 denotes the velocity of the fluid, F ∈ M is the deformation gradient (M is
the set of 2 × 2 matricies with det F = 1), and P is the pressure of the fluid, which is a
Lagrangian multiplier due to the incompressibility of the fluid divu = 0. The viscosity µ is
a positive constant, and will be assumed to be one throughout this paper for conveniences.
If solutions (u, F) to (1.1) are smooth, it was well-known facts, see [1, 12, 14] that{
div(F⊤)(t) = 0,
det F(t) = 1
(1.2)
for all t > 0 whenever (1.2) holds initially. Beside conserved quantities described in (1.2),
it was also shown in [12, 18] that
Flk∂xlFij(t) = Flj∂xlFik(t) (1.3)
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for all t > 0 if (1.3) is valid initially.
We consider here the Cauchy problem for the system (1.1), and the initial data will be
specified by
(u, F)|t=0 = (u0, F0)(x) for all x ∈ R
2. (1.4)
One can easily generalize discussions here to the case of the initial-boundary value problem
([15]) or the Cauchy problem on a periodic box. For classical solutions of (1.1)-(1.4) or
related Oldroyd-B models, authors in [1, 12, 14, 15, 5] have established various global
existence and well-posedness of solutions to (1.1)-(1.4), say in H2, whenever the initial
data is a H2 small perturbation around the equilibrium (0, I), where I is the identity
matrix. We refer to readers also [10, 18, 19, 20, 16, 17, 5] and references therein for local
and global existence of solutions of closely related models. We shall point out in particular
the works [19, 20], in which the authors used the hyperbolic nature of the system (1.1)-
(1.4) when µ = 0 to establish an interesting global existence result for classical solution in
a subspace of Hs (s ≥ 8) when the initial date is also a small perturbation in that space
of (0, I) provided the spatial dimension is 3 due to the dispersive structure (see [13] for an
almost global existence in dimension two). Note such a result is unknown for the Euler
equations (when the elastic effects are not present). For the global existence of strong
solutions near the equilibrium for compressible models of (1.1), we refer interested readers
to [10, 18] and the references therein. Numerical evidence for singularities was provided in
[22]. The regularity in terms of bounds on the elastic stress tensor was established in [2, 11].
In [6] authors proved global existence for small data with large gradients for Oldroyd-B.
Regularity for diffusive Oldroyd-B equations in dimension two for large data were obtained
in the creeping flow regime (coupling with the time independent Stokes equations, rather
than Navier-Stokes) in [7] and in general in [8]. We note also that for the Oldroyd-B
type models with a finite relaxation time the global existence of weak solutions with
natural initial data had been verified in [16] under the corotational assumption. Recently
a remarkable global existence result for weak solutions for the FENE dumbbell model with
suitable initial data has been constructed by Masmoudi in [17] through a detailed analysis
of the defect measure associated with the approximations. There is no such result for the
Oldroyd-B model.The main result in this paper can be viewed therefore as the first step
toward the solution of the corresponding problem for the Oldroyd-B model.
The construction of global solutions in [1, 12, 14, 15] depends crucially on various
conserved quantities, in particular, (1.2) and (1.3) (see also [6]). Unfortunately, when the
initial data are discontinuous, the proofs in [1, 6, 12, 14, 15] simply can not be made to
work. On the other hand, one wishes to construct global solutions with the initial data
in a natural functional space which can be read off from the basic energy law associated
with sufficiently regular solutions of (1.1)-(1.4)
1
2
(
‖u‖2L2 + ‖F‖
2
L2
)
+ µ
∫ t
0
‖∇u(s)‖2L2ds =
1
2
(
‖u0‖
2
L2 + ‖F0‖
2
L2
)
.
Thus for the classical Oldroyd-B model in two spatial dimensions, the natural initial
velocity should be in L2 and the deformation gradient can be chosen to be the identity (or
small perturbations in L2 ∩ L∞ of I). To prove global existence of weak solutions under
such initial conditions would therefore be of interest in theories of such fluids in both
physics and mathematical analysis. From this point of view, this paper made a further
step in understanding the system (1.1)-(1.4) with the constraints (1.2)-(1.3).
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To facilitate the presentation, we introduce the notations
ε0 = ‖F0 − I‖
2
L∞ +
∫
R2
(
|F0 − I|
2 + |u0|
2
)
(1 + |x|2)dx (1.5)
where the weight 1+ |x|2 serves to compensate the growth of the fundamental solution of
the Laplacian at infinity (which is not needed when the spatial dimension is 3);
A(T ) = sup
0≤t≤T
∫
R2
(
|u(x, t)|2 + |F(x, t)− I|2 + σ(t)|∇u(x, t)|2 + σ(t)2|Pu˙(x, t)|2
)
dx
+
∫ T
0
∫
R2
(
|∇u|2 + σ(t)|u˙|2 + σ(t)2|∇Pu˙|2
)
dxdt,
(1.6)
where u˙ = ∂tu + u · ∇u is the material derivative of the velocity, σ(t) = min{1, t}, and
the operator P denotes the projection to the divergence free vector field; and
B(T ) = ‖F− I‖2L∞(R2×[0,T ]). (1.7)
The key difficulty to show the convergence of approximating solutions is to show the
weak convergence of FF⊤ at least in the sense of distributions, which requires a strong
convergence of F in L2(R2). To overcome this difficulty, we introduce a quantity which is
a suitable combination of effects from velocity and that from the deformation gradient.
This quantity will be called effective viscous flux , and it is defined as
G = ∇u− (−∆)−1∇Pdiv(FF⊤ − I).
One can easily check from the first equation in (1.1) that
∆G = ∇Pu˙.
From this and (1.6), one can expect a bound of G in H1 for positive time, which is better
than either components of G that appeared to be.
We give a precise formulation of our results. First, denoting F = (F1, F2) where F1 and
F2 are columns of F, then the second equation in (1.1) can be written as
∂tFj + u · ∇Fj = Fj · ∇u
for j = 1, 2. Since divFj = 0 due to divF
⊤ = 0, the equation for Fj can be further rewritten
as
∂tFj + div(Fj ⊗ u− u⊗ Fj) = 0,
where (a ⊗ b)ij = aibj . Next, we say that the pair (u, F) is a weak solution of (1.1)
with Cauchy data (1.4) provided that F,u,∇u ∈ L1loc(R
2 × R+) and for all test functions
β, ψ ∈ D(R2 × R+) with divψ = 0 in D′(R2 × R+)∫
R2
(Fj)0β(·, 0)dx +
∫ ∞
0
∫
R2
(Fjβt + (Fj ⊗ u− u⊗ Fj) : ∇β)dxdt = 0 (1.8)
for j = 1, 2, and∫
R2
u0ψ(·, 0)dx +
∫ ∞
0
∫
R2
[
u · ∂tψ + (u⊗ u− FF
⊤) : ∇ψ
]
dxdt
=
∫ ∞
0
∫
R2
∇u : ∇ψdxdt.
(1.9)
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Now, we are ready to state the main theorem.
Theorem 1.1. Let ‖u0‖Lp ≤ α for some p > 2, and assume that ε0 ≤ γ for a sufficiently
small γ that may depend on α and p. The Cauchy problem (1.1)-(1.4) with constraints
(1.2)-(1.3) has a global weak solution (u, F) which is actually smooth for positive time.
Moreover, there exist a positive constant θ that depends on p and a positive constant C
that may depend on p and α such that
A(t) ≤ Cεθ0, and B(t) ≤ Cε
θ
0
for all t ∈ R+.
Remark 1.1. In [7], authors verified that the incompressible Navier-Stokes equations in
dimension two forced by the divergence of a bounded stress have unique weak solutions,
and in particular the weak solution is Holder continuous after an initial transient time.
A new ingredient in our current work is to derive the L∞ bound for the elastic stress via
the trajectory. During the initial transient time, the Holder norms of the velocity will be
compensated by the weight σ(t).
Remark 1.2. We shall prove the above theorem under the assumption that p = 4 for saving
some notations. It will be clear from the proofs presented below that the general case with
p > 2 follows exactly in the same manner. It should be also clear the similar proofs work
also in dimension three. In the latter case, one needs to assume that the initial velocity to
be small in L3 and bounded in Lp for some p > 3. We note that the smallness of L3 norm
of the velocity is almost necessary even for the Navier-Stokes equations in dimension three.
We believe that such a global existence theorem is also true when the initial data is small
in a suitable Besov-space or a Lorentz space. For example, for the above theorem to be
true in dimension two, one just need that the velocity is small in the Lorentz space L2,1.
But we do not prove the latter result in this paper partially because it would make the
article much more technical and longer. One may also conjecture that the above theorem
is true when the velocity is small in L2. The latter would require additional new ideas.
Theorem 1.1 will be established by passing to the limit as n→∞ of a sequence of ap-
proximating solutions (un, Fn) which are global solutions of a modified system (1.1) with
a biharmonic regularization for the velocity, (−∆)2u. This approximation process turns
out to be rather convenient for various estimates. Our analysis require us to derive a great
deal of technical and qualitative information about the structure of these regular flows
first. A crucial step would be to find a structural mechanism in the solution operator
which enforces appropriate pointwise bounds on the deformation gradient F in the ab-
sence of information concerning ∇u. We believe that it is both physically significant and
mathematically necessary for understanding, in incompressible viscoelastic flows, which
quantities are smoothed out in the flows, which are not. One of the important obser-
vations in this paper is that the ” effective viscous flus”, which is a sum of gradient of
the velocity with a suitable quantity related to the elastic stress, is in fact continuous for
positive time.
The rest of this paper is organized as follows. In Section 2, we apply standard energy
estimates to derive a bound for A(t) (see Lemma 2.1). In Section 3, we introduce the
effective viscous flux and estimate A(t) in terms of ε0 and B (see Lemma 3.1). In Section
4, we derive the pointwise bounds for F, and hence obtain a bound for B in terms of A
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(Lemma 4.1). The main result, Theorem 1.1, is proved in section 5. Throughout this
paper, M will denote a generic positive constant which may depend on ε0 and other
constants.
2. Basic Energy Estimate
In this section we derive certain a priori energy estimates for sufficiently smooth solu-
tions of (1.1). To begin with, let (u, F) be a sufficiently smooth solution of (1.1) which is
defined up to a positive time T and which satisfies the pointwise bounds
|F(x, t)− I| ≤
1
2
.
Let ε0 be as in (1.5), and we assume that ε0, A(T ), B(T ) ≤ 1.
The bound of A(T ) can be stated as
Lemma 2.1.
A(T ) ≤M
(
ε0 +
∫ T
0
∫
R2
σ2|∇u|4dxdt
)
.
Proof. The proof consists of three separate energy-type estimates.
Step One: The first step is the energy-balance law. To derive it, we multiply the first
equation and the second equation in (1.1) by u and F respectively, and then sum them
together to obtain
1
2
∂t(|u|
2 + |F|2) +
1
2
u · ∇(|u|2 + |F|2)−
2∑
i=1
div(∇uiui) + |∇u|
2 +div(Pu) = ∂xj (FikFjkui).
(2.1)
Here |D| =
(∑2
i,j=1D
2
ij
) 1
2
for any 2 × 2 matrix D. On the other hand, we deduce from
the second equation in (1.1) by taking the trace of the matrix
∂ttrF+ u · ∇trF = tr(∇uF). (2.2)
Integrating (2.1) and (2.2) over R2 and using the facts div(F⊤) = divu = 0, one has
1
2
d
dt
∫
R2
(|u|2 + |F− I|2)dx+
∫
R2
|∇u|2dx = 0,
and hence
sup
0≤t≤T
∫
R2
(|u|2 + |F− I|2)dx+2
∫ T
0
∫
R2
|∇u|2dxdt =
∫
R2
(|u0|
2 + |F0 − I|
2)dx ≤ ε0. (2.3)
Step Two: We derive estimates for the terms σ
∫
R2
|∇u|2dx and
∫ T
0
∫
R2
σ|u˙|2dxdt
appearing in the definition of A. Applying the operator P to the first equation in (1.1),
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and taking L2 inner product of the resulting equation with σu˙, we obtain
∫ t
0
∫
R2
σ|u˙|2dxds =
∫ t
0
∫
R2
(
∆u+ Pdiv(FF⊤)
)
· σu˙dxds
+
∫ t
0
∫
R2
Q(u · ∇u) · σu˙dxds
= I1 + I2 + I3,
(2.4)
where Q = Id− P. For I1, we have
I1 =
∫ t
0
∫
R2
σ(ut + u · ∇u) ·∆udxds = −
σ
2
∫
R2
|∇u|2dx+
1
2
∫ min{1,t}
0
∫
R2
|∇u|2dx+O3,
where O3 denotes a finite sum of terms of the form
∣∣∣∫ t0 ∫R2 σuijukl umn dxds
∣∣∣.
We can split I2 as
I2 =
∫ t
0
∫
R2
div(FF⊤) · σu˙dxds−
∫ t
0
∫
R2
div(FF⊤) · σQ(u · ∇u)dxds
= I21 + I22 .
For I21 , we have, using div(F
⊤) = 0,
I21 =
∫ t
0
∫
R2
div(FF⊤) · σu˙dxds
=
∫ t
0
∫
R2
div((F − I)(F − I)⊤) · (σu˙)dxds+
∫ t
0
∫
R2
div(F − I) · (σu˙)dxds
= −
∫ t
0
∫
R2
(F− I)(F − I)⊤ : (σ∇ut + σ∇(u · ∇u))dxds
−
∫ t
0
∫
R2
(F− I) : (σ∇ut + σ∇(u · ∇u)))dxds
= −
∫
R2
σ(F− I)(F − I)⊤ : ∇udx+
∫ t
0
∫
R2
σt(F− I)(F − I)
⊤ : ∇udxds
+
∫ t
0
∫
R2
σ
(
(F− I)(F − I)⊤
)
t
: ∇udxdt−
∫ t
0
∫
R2
(F− I)(F − I)⊤ : σ∇(u · ∇u)dxds
−
∫
R2
σ(F− I) : ∇udx+
∫ t
0
∫
R2
σt(F− I) : ∇udxds +
∫ t
0
∫
R2
σ(F− I)t : ∇udxds
−
∫ t
0
∫
R2
(F− I) : σ∇(u · ∇u))dxds.
(2.5)
INCOMPRESSIBLE VISCOELASTIC FLUID 7
Note that for the last two terms on the right hand side of the last part of the equation
(2.5), using the second equation of (1.1) and divu = 0, we have∫ t
0
∫
R2
σ(F − I)t : ∇udxds−
∫ t
0
∫
R2
(F− I) : σ∇(u · ∇u))dxds
=
∫ t
0
∫
R2
σ(−u · ∇(F− I) +∇uF) : ∇udxds −
∫ t
0
∫
R2
(F− I) : σ∇(u · ∇u))dxds
= −
∫ t
0
∫
R2
(F− I) : σ∇u∇udxds +
∫ t
0
∫
R2
σ∇uF : ∇udxds
≤M
∫ t
0
∫
R2
|∇u|2dxds.
Similarly, for the third term and the fourth term in the right most hand side of (2.5), we
have∫ t
0
∫
R2
σ
(
(F − I)(F− I)⊤
)
t
: ∇udxdt−
∫ t
0
∫
R2
(F− I)(F − I)⊤ : σ∇(u · ∇u)dxds
= −
∫ t
0
∫
R2
σ(F− I)(F − I)⊤ : ∇u∇udxds
+
∫ t
0
∫
R2
σ
(
∇uF(F− I)⊤ + (F− I)(∇uF)⊤
)
: ∇udxds
≤M
∫ t
0
∫
R2
|∇u|2dxds,
Combining these two estimates, we thus conclude
|I21 | ≤M
(
σ
∫
R2
|∇u||F− I|dx+
∫ min{1,t}
0
∫
R2
|∇u||F − I|dxds+
∫ t
0
∫
R2
|∇u|2dxds
)
.
For I22 , as the Riesz operator ∇∇(−∆)
−1 is bounded on the Hardy space H1, we have
I22 =
∫ t
0
∫
R2
σFF⊤ : ∇Q(u · ∇u)dxds
≤M
∫ t
0
‖FF⊤‖BMO‖∇Q(u · ∇u)‖H1ds
≤M
∫ t
0
‖FF⊤‖L∞‖∇∇(−∆)
−1(∂ju
i∂iu
j)‖H1ds
≤M
∫ t
0
‖∂ju
i∂iu
j‖H1ds
≤M
∫ t
0
‖∇u‖2L2ds.
Here, in the last inequality, we have used the following well-known estimate in [3]: if
divv = 0, then
v · ∇w ∈ H1 and ‖v · ∇w‖H1 ≤M‖v‖L2‖∇w‖L2 .
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Finanly for I3, we estimate as follows
I3 =
∫ t
0
∫
R2
∇(−∆)−1divdiv(u⊗ u) · (σu˙)dxds
= −
∫ t
0
∫
R2
(−∆)−1divdiv(u⊗ u) · σdivdiv(u⊗ u)dxds
≤M
∫ t
0
σ‖div(u⊗ u)‖2L2ds
≤M
∫ t
0
∫
R2
(|u|4 + σ2|∇u|4)dxds
≤M
(
ε0 +
∫ t
0
∫
R2
σ2|∇u|4dxds
)
.
(2.6)
Note that one has also used ,for all t ∈ [0, T ], the following inequality:∫ t
0
∫
R2
|u(t)|4dxds ≤ sup
s∈[0,t]
‖u(s)‖2L2
∫ t
0
‖∇u(s)‖2L2ds ≤ ε
2
0 ≤ ε0.
Combining all the estimates for I1, I2 and I3 together, we have
σ
2
∫
R2
|∇u|2dx+
∫ t
0
∫
R2
σ|u˙|2dxds
≤M
(
σ
∫
R2
|∇u||F− I|dx+
∫ t
0
∫
R2
σ2|∇u|4dxds+ ε0
+
∫ min{1,t}
0
∫
R2
|∇u||F − I|dxds+
∫ t
0
∫
R2
|∇u|2dxds+O3
)
.
The latter, together with (2.3) and Young’s inequality, yields
sup
0≤t≤T
(
σ
∫
R2
|∇u|2dx
)
+
∫ T
0
∫
R2
σ|u˙|2dxdt
≤M
(
ε0 +
∫ t
0
∫
R2
σ2|∇u|4dxds+
∑∣∣∣∣
∫ T
0
∫
R2
σuiju
k
l u
m
n dxdt
∣∣∣∣
)
.
(2.7)
Since ∣∣∣∣
∫ T
0
∫
R2
σuiju
k
l u
m
n dxds
∣∣∣∣ ≤
∫ T
0
∫
R2
σ|∇u|3dxdt
≤
(∫ T
0
∫
R2
|∇u|2dxdt
) 1
2
(∫ T
0
∫
R2
σ2|∇u|4dxdt
) 1
2
≤M
(
ε0 +
∫ T
0
∫
R2
σ2|∇u|4dxdt
)
,
one deduces from (2.7) that
sup
0≤t≤T
(
σ
∫
R2
|∇u|2dx
)
+
∫ T
0
∫
R2
σ|u˙|2dxdt ≤M
(
ε0 +
∫ t
0
∫
R2
σ2|∇u|4dxds
)
. (2.8)
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Step Three: We estimate the terms σ2
∫
R2
|Pu˙|2dx and
∫ t
0
∫
R2
σ2|∇Pu˙|2dxds appear-
ing in the definition of A. First of all, we apply the operator P to the first equation in
(1.1) to obtain
Pu˙−∆u = Pdiv(FF⊤).
Applying the operator ∂t + u · ∇ to the above equation, one has
∂t(Pu˙) + u · ∇Pu˙ = ∆ut + div(∆u⊗ u) + (Pdiv(FF
⊤))t + div(Pdiv(FF
⊤)⊗ u). (2.9)
Multiplying (2.9) by σ2Pu˙ and integrating over R2 × (0, t), we obtain
1
2
σ2
∫
R2
|Pu˙|2dx =
∫ t
0
∫
R2
σσ′|Pu˙|2dxds+
∫ t
0
∫
R2
σ2Pu˙ ·
(
∆ut + div(∆u⊗ u)
)
dxds
+
∫ t
0
∫
R2
σ2Pu˙ ·
(
(Pdiv(FF⊤))t + div(Pdiv(FF
⊤)⊗ u)
)
dxds
=
3∑
j=1
Jj .
(2.10)
The estimate (2.8) can be used to control the first term on the right hand side of the
above equation since |σ′| ≤ 1 and
|J1| =
∣∣∣∣
∫ t
0
∫
R2
σσ′|Pu˙|2dxds
∣∣∣∣
≤
∫ t
0
∫
R2
σ|u˙|2dxds.
The second term J2 on the right hand side of (2.10) can be written as
J2 =
∫ t
0
∫
R2
σ2Pu˙ ·
(
∆ut + div(∆u⊗ u)
)
dxds
= −
∫ t
0
∫
R2
σ2 (∇Pu˙ : ∇ut +∇Pu˙ : ∆u⊗ u˙) dxds
= −
∫ t
0
∫
R2
σ2 (∇Pu˙ : (∇ut +∇(u · ∇u)) +∇Pu˙ : (∆u⊗ u−∇(u · ∇u))) dxds.
(2.11)
Note that ∫ t
0
∫
R2
σ2∇Pu˙ : (∇ut +∇(u · ∇u))dxds =
∫ t
0
∫
R2
σ2∇Pu˙ : ∇u˙dxds
=
∫ t
0
∫
R2
σ2|∇Pu˙|2dxds
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and that integration by parts gives
∫ t
0
∫
R2
σ2∇Pu˙ : (∆u⊗ u−∇(u · ∇u))dxds
= −
∫ t
0
∫
R2
σ2
(
(u · ∇∂xlPu˙) · ∂xlu+ (∂xlu · ∇Pu˙) · ∂xlu
)
dxds
−
∫ t
0
∫
R2
σ2
(
∂xlPu˙ · (∂xlu · ∇u) + u · ∇∂xlu · ∂xlPu˙
)
dxds
= −
∫ t
0
∫
R2
σ2
(
(∂xlu · ∇Pu˙) · ∂xlu+ ∂xlPu˙ · (∂xlu · ∇u)
)
dxds,
here one uses
∫
R2
(
(u · ∇∂xlPu˙) · ∂xlu+ u · ∇∂xlu · ∂xlPu˙
)
dxds = 0
as divu = 0. Therefore, we deduce from (2.11) that
J2 = −
∫ t
0
∫
R2
σ2|∇Pu˙|2dxds+O4,
where O4 denotes any term dominated by M
∫ t
0
∫
R2
σ2|∇u|2|∇Pu˙|dxds.
The third term J3 on the right hand side of (2.10) can be written as
J3 =
∫ t
0
∫
R2
σ2Pu˙ ·
(
(Pdiv(FF⊤))t + div(Pdiv(FF
⊤)⊗ u)
)
dxds
=
∫ t
0
∫
R2
σ2Pu˙ ·
(
Pdiv((FF⊤)t) + div(Pdiv(FF
⊤)⊗ u)
)
dxds
=
∫ t
0
∫
R2
σ2Pu˙ ·
(
div((FF⊤)t) + div(Pdiv(FF
⊤)⊗ u)
)
dxds
= −
∫ t
0
∫
R2
σ2∇Pu˙ :
(
(FF⊤)t + Pdiv(FF
⊤)⊗ u
)
dxds
= −
∫ t
0
∫
R2
σ2∇Pu˙ :
(
(FF⊤)t + div(FF
⊤)⊗ u
)
dxds
+
∫ t
0
∫
R2
σ2∇Pu˙ : Qdiv(FF⊤)⊗ udxds
= J31 + J32 .
(2.12)
From the second equation in (1.1), one has
∂t(FF
⊤) + u · ∇(FF⊤) = ∇uFF⊤ + FF⊤(∇u)⊤.
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Therefore, we can write J31 as, using again integration by parts
J31 = −
∫ t
0
∫
R2
σ2∇Pu˙ :
(
(FF⊤)t + div(FF
⊤)⊗ u
)
dxds
= −
∫ t
0
∫
R2
σ2∇Pu˙ :
(
− u · ∇(FF⊤) + div(FF⊤)⊗ u
)
dxds
−
∫ t
0
∫
R2
σ2∇Pu˙ :
(
∇uFF⊤ + FF⊤(∇u)⊤
)
dxds
=
∫ t
0
∫
R2
σ2∂xjxk(Pu˙)i
(
− uk(FF
⊤)ij + (FF
⊤)ikuj
)
dxds
+
∫ t
0
∫
R2
σ2∂xj (Pu˙)i(FF
⊤)ik∂xkujdxds
−
∫ t
0
∫
R2
σ2∇Pu˙ :
(
∇uFF⊤ + FF⊤(∇u)⊤
)
dxds
=
∫ t
0
∫
R2
σ2∂xj (Pu˙)i(FF
⊤)ik∂xkujdxds
−
∫ t
0
∫
R2
σ2∇Pu˙ :
(
∇uFF⊤ + FF⊤(∇u)⊤
)
dxds
since interchanging j and k leads to∫ t
0
∫
R2
σ2∂xjxk(Pu˙)i
(
− uk(FF
⊤)ij + (FF
⊤)ikuj
)
dxds = 0.
Thus, one concludes
|J31 | ≤M
(∫ t
0
∫
R2
|∇u|2dxds
) 1
2
(∫ t
0
∫
R2
σ2|∇Pu˙|2dxds
) 1
2
≤Mε
1
2
0
(∫ t
0
∫
R2
σ2|∇Pu˙|2dxds
) 1
2
.
(2.13)
On the other hand, one can rewrite J32 as
J32 =
∫ t
0
∫
R2
σ2∇Pu˙ : Qdiv(FF⊤)⊗ udxds
=
∫ t
0
∫
R2
σ2∇Pu˙ : ∇(−∆)−1divdiv(FF⊤)⊗ udxds
=
∫ t
0
∫
R2
σ2∂xj (Pu˙)i∂xi(−∆)
−1divdiv(FF⊤)ujdxds
= −
∫ t
0
∫
R2
σ2∂xj∂xi(Pu˙)i(−∆)
−1divdiv(FF⊤)ujdxds
−
∫ t
0
∫
R2
σ2∂xj(Pu˙)i(−∆)
−1divdiv(FF⊤)∂xiujdxds
= −
∫ t
0
∫
R2
σ2∂xj (Pu˙)i(−∆)
−1divdiv(FF⊤)∂xiujdxds
(2.14)
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here, one has observed that ∂xi(Pu˙)i = div(Pu˙) = 0. Therefore, we can estimate J32 as
|J32 | ≤
∫ t
0
σ2‖(−∆)−1divdiv(FF⊤)‖BMO‖∂xj (Pu˙)i∂xiuj‖H1ds
≤M
∫ t
0
σ2‖|F|2‖L∞‖∇Pu˙‖L2‖∇u‖L2ds
≤Mε
1
2
0
(∫ t
0
∫
R2
σ2|∇Pu˙|2dxds
) 1
2
.
Substituting (2.13) and (2.14) back to (2.12), it gives
|J3| ≤Mε
1
2
0
(∫ t
0
∫
R2
σ2|∇Pu˙|2dxds
) 1
2
.
Summarizing estimates for Jj (j=1,2,3) in (2.10) and using Young’s inequality, one
obtains
σ2
∫
R2
|Pu˙|2dx+
∫ t
0
∫
R2
σ2|∇Pu˙|2dxds ≤M
(
ε0 +
∫ t
0
∫
R2
σ2|∇u|4dxds
)
.
It then follows easily that
sup
0<t≤T
σ2
∫
R2
|Pu˙|2dx+
∫ T
0
∫
R2
σ2|∇Pu˙|2dxds ≤M
(
ε0 +
∫ T
0
∫
R2
σ2|∇u|4dxds
)
.

3. Effective viscous flux and Estimate for A(t)
Let us first define effective viscous flux by
G = ∇u− (−∆)−1∇Pdiv(FF⊤ − I),
and its variant
G = ∇u+ F− I.
The condition divF⊤ = 0 implies that
Pdiv(F− I) = div(F− I), (3.1)
and hence, in view of the identity
∆ = ∇div− curlcurl,
one has
∆G = ∆
(
G + (−∆)−1∇Pdiv(FF⊤ − I) + F− I
)
= ∆
(
G + (−∆)−1∇Pdiv((F − I)(F − I)⊤) + (−∆)−1curlcurl(F− I)
)
= ∆G −∇Pdiv((F − I)(F− I)⊤)− curlcurl(F− I).
(3.2)
From the first equation in (1.1), we have
∆u+ div(F− I) = Pu˙− Pdiv((F − I)(F− I)⊤),
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and thus by using (3.1) one gets
(∇Pdiv((F − I)(F − I)⊤),∆G)
=
(
∇Pdiv((F− I)(F − I)⊤),∇(∆u+ div(F− I))
)
=
(
∇Pdiv((F− I)(F − I)⊤),∇Pu˙
)
−
∥∥∥∇Pdiv((F − I)(F − I)⊤)∥∥∥2
L2
≤ −
1
2
∥∥∥∇Pdiv((F − I)(F− I)⊤)∥∥∥2
L2
+
1
2
‖∇Pu˙‖2L2 .
(3.3)
On the other hand, it also holds
(curlcurl(F− I),∆G) = −(curlcurl(F − I), curlcurlG)
= −‖curlcurl(F − I)‖2L2 .
(3.4)
From (3.2), (3.3), and (3.4), one deduces that
‖∆G‖2L2 + ‖curlcurl(F− I)‖
2
L2 +
∥∥∥∇Pdiv((F− I)(F − I)⊤)∥∥∥2
L2
≤M
(
‖∆G‖2L2 + ‖∇Pu˙‖
2
L2
)
≤M‖∇Pu˙‖2L2 .
(3.5)
Here we have used ∆G = ∇Pu˙. Similarly, it also holds
‖∇G‖L2 ≤M‖Pu˙‖
2
L2 .
Those inequalities imply that the quantity G has the same regularity as the quantity G.
We are now in a position to obtain the required bounds for the terms
∫ t
0
∫
R2
σ2|∇u|4dxds
appearing in the statement of Lemma 2.1
Lemma 3.1. There is a global positive constant θ such that
A(T ) ≤M
(
εθ0 +A(T )
2 +B(T )2
)
.
Proof. From the definition of G and the second equation in (1.1), we have that
d
dt
(F− I) + F− I = GF− (F− I)(F − I).
Multiplying by 4(F − I)|F− I|2, we obtain
d
dt
|F− I|4 + 4|F − I|4 ≤ 4|G||F||F − I|3 + 4|F − I|5,
and hence, the bound ‖F − I‖L∞ ≤
1
2 implies that
d
dt
|F− I|4 + |F− I|4 ≤M |G|4. (3.6)
Multiplying by σ2 and integrating along the trajectory yields
σ2(T )|F(x(T ), T ) − I|4 +
∫ T
0
σ2(t)|F(x(t), t) − I|4dt
≤M
∫ min{1,T}
0
|F(x(t), t)− I|4dt+M
∫ T
0
σ2(t)G4dt.
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Integrating over R2 and using the fact det F = 1, one obtains∫ T
0
∫
R2
σ2(t)|F(x, t) − I|4dxdt
≤M
∫ min{1,T}
0
∫
R2
|F(x, t)− I|4dxdt+M
∫ T
0
∫
R2
σ2(t)G4dxdt
≤Mε0B +M
∫ T
0
σ2(t)G4dt.
The definition of G implies∫ T
0
∫
R2
σ2|∇u|4dxdt
≤M
(∫ T
0
∫
R2
σ2|G|4dxdt+
∫ T
0
∫
R2
σ2|(−∆)−1∇Pdiv(FF⊤ − I)|4dxdt
)
≤M
(∫ T
0
∫
R2
σ2|G|4dxdt+
∫ T
0
σ2‖FF⊤ − I‖4L4dt
)
≤M
(∫ T
0
∫
R2
σ2
[
|G|4 +G|4
]
dxdt+ ε0B
)
.
Note that ∫ T
0
∫
R2
σ2G4dxdt ≤
∫ T
0
σ2
(∫
R2
G2dx
)(∫
R2
|∇G|2dx
)
dt
≤ sup
t
[(
σ
∫
R2
G2dx
)]∫ T
0
∫
R2
σ|∇G|2dxdt
However, from the definition of G,
σ
∫
R2
G2dx ≤M
[∫
R2
|F− I|2dx+ σ
∫
R2
|∇u|2dx
]
≤M(ε0 +A(T )).
Also, since ∆G = ∇Pu˙, ∫
R2
|∇G|2dx ≤M
∫
R2
|Pu˙|2dx.
Applying these bounds, we obtain that∫ T
0
∫
R2
σ2G4 ≤M(ε20 +A(T )
2),
and similarly ∫ T
0
∫
R2
σ2G4 ≤M(ε20 +A(T )
2).
Hence ∫ T
0
∫
R2
σ2|∇u|4dxdt ≤M(ε20 +A(T )
2 +B(T )2).

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In the following lemma we derive an estimate for the weighted L2-norm of u(·, t) for
0 ≤ t ≤ 1.
Lemma 3.2. Under the same condition of Theorem 1.1, it holds
sup
0≤t≤T
∫
R2
(1 + |x|2)|u(x, t)|2dx ≤M(T )ε0.
Proof. Taking the inner product of the first equation of (1.1) with (1+ |x|2)u, one obtains
1
2
∫
R2
(1 + |x|2)|u|2dx
∣∣∣t
0
+
∫ t
0
∫
R2
(1 + |x|2)|∇u|2dxds
= −
∫ t
0
∫
R2
[
x · ∇|u|2 −Qdiv(uuj) · (1 + |x|
2)u− |u|2x · u+ (1 + |x|2)u · div(F− I)
+ Pdiv((F − I)(F − I)⊤) · u(1 + |x|2)
]
dxds
= −
∫ t
0
∫
R2
[
x · ∇|u|2 + 2(−∆)−1divdiv(u⊗ u)x · u− |u|2x · u
+ (1 + |x|2)u · div(F− I) + Pdiv((F − I)(F− I)⊤) · u(1 + |x|2)
]
dxds.
In a similar way, we find from the second equation of (1.1) that
1
2
∫
R2
(1 + |x|2)|F − I|2dx
∣∣∣t
0
=
∫ t
0
∫
R2
[
|F− I|2u · x− div((F − I)(F − I)⊤) · u(1 + |x|2)
− (1 + |x|2)u · div(F − I)− 2(F − I)(F − I) : u⊗ x− 2(F − I) : u⊗ x
]
dxds.
Adding them together, we thus obtain
1
2
∫
R2
(1 + |x|2)
[
|u|2 + |F− I|2
]
dx
∣∣∣t
0
+
∫ t
0
∫
R2
(1 + |x|2)|∇u|2dxds
= −
∫ t
0
∫
R2
[
|F− I|2u · x+ x · ∇|u|2 −Qdiv(uuj) · (1 + |x|
2)u− |u|2x · u
− 2(F − I)(F− I) : u⊗ x− 2(F − I) : u⊗ x
−Qdiv((F − I)(F − I)⊤) · u(1 + |x|2)
]
dxds
= −
∫ t
0
∫
R2
[
|F− I|2u · x+ x · ∇|u|2 + 2(−∆)−1divdiv(u⊗ u)x · u− |u|2x · u
− 2(F − I)(F− I) : u⊗ x− 2(F − I) : u⊗ x
− 2(−∆)−1divdiv((F − I)(F− I)⊤)u · x
]
dxds.
(3.7)
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The right hand side of (3.7) is controlled by
1
2
∫ t
0
∫
R2
(1 + |x|2)|∇u|2dxds+M
∫ t
0
∫
R2
(1 + |x|2)
[
|u|2 + |F − I|2
]
dxds
+
∫ t
0
∫
R2
|u|4dxds.
The last term above is bounded by
M
∫ t
0
(∫
R2
|u|2dx
) 1
2
(∫
R2
|∇u|2dx
) 1
2
dt ≤Mε0t
1
2 .
Thus, we deduce from (3.7) that∫
R2
(1 + |x|2)(|u|2 + |F− I|2)dx
≤M
[
ε0t
1
2 +
∫ t
0
∫
R2
(1 + |x|2)(|u|2 + |F− I|2)dxds
]
.
An easy application of Gronwall’s inequality yields the proof of the Lemma 3.2. 
In the following lemma we derive an estimate for ‖u(t)‖L4 for 0 ≤ t ≤ 1.
Lemma 3.3. Assume that u0 ∈ L
4. Then
sup
0≤t≤T
∫
R2
|u|4dx+
∫ T
0
∫
R2
|u|2|∇u|2dxdt
≤M(T )
[ ∫
R2
|u0|
4dx+ ε0B
]
.
Proof. Taking the inner product of the first equation of (1.1) with |u|2u, one obtains
1
4
∫
R2
|u|4dx
∣∣∣t
0
+
∫ t
0
∫
R2
[1
2
|∇|u|2|2 + |∇u|2|u|2
]
dxds
=
∫ t
0
∫
R2
[
Qdiv(uuj) + div(F− I) + Pdiv((F − I)(F− I)
⊤)
]
· |u|2udxds
= −
∫ t
0
∫
R2
[
(−∆)−1divdiv(u⊗ u)u · ∇|u|2 + (F− I) : ∇(|u|2u)
+ (−∆)−1curldiv((F − I)(F− I)⊤) : curl(|u|2u)
]
dxds.
(3.8)
Since
|∇(|u|2u)| ≤M |∇u|u2,
the right hand side of (3.8) is controlled by
1
2
∫ t
0
∫
R2
|∇u|2|u|2dxds +M
∫ t
0
g(s)
(∫
R2
|u|4dx
)
ds +M
∫ t
0
∫
R2
|F− I|4dxds
with
g(s) = 1 +
∫
R2
|∇u|2dx ∈ L1(0, 1).
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The last term above is bounded by Mε0B(t). Thus, we deduce from (3.8) that∫
R2
|u|4dx ≤M
[ ∫ t
0
g(s)
(∫
R2
|u|4dx
)
ds+ ε0B(t)
]
.
Then one obtains the conclusion of the Lemma 3.3 by Gronwall’s inequality . 
We conclude this section with a result concerning the Holder continuity of u. The
standard notation for Holder semi-norms will be adapted
〈w〉α = sup
x,y∈R2
x 6=y
|w(x)− w(y)|
|x− y|α
for α ∈ (0, 1).
Lemma 3.4. For all t ∈ (0, 1], it holds
〈u(·, t)〉α ≤M
[(
ε0 +
∫
R2
|∇u|2dx
) 1−α
2
×
(∫
R2
|Pu˙|2dx
)α
2
+ ε
1−α
2
0 B(t)
α
2
]
for α ∈ (0, 1).
Proof. For any p > 2, Sobolev’s embedding theorem implies
〈u(·, t)〉α ≤M‖∇u‖Lp(R2)
with α = 1− 2
p
. Therefore, it holds
〈u(·, t)〉α ≤M
[
‖G‖Lp + ‖F − I‖Lp
]
. (3.9)
Since
‖F − I‖Lp ≤Mε
1−α
2
0 B(t)
α
2 ,
and
‖G‖Lp ≤M
(∫
R2
G
2dx
) 1
p
(∫
R2
|∇G|2dx
) p−2
2p
≤M
(
ε0 +
∫
R2
|∇u|2dx
) 1−α
2
(∫
R2
|Pu˙|2dx
)α
2
.
Substituting these estimates back in (3.9), one concludes the result.

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4. Pointwise bounds for F and Estimate for B(T )
In this section we derive pointwise bounds for the deformation gradient F in terms of
A. First we show that F remains bounded, for large time T , in terms of B(1) and A(T ).
Then in the next step, we obtain pointwise bounds for F at time t near 0; a new approach
is required here, owing to laking of smoothness estimates, say gradient of u for t near
the initial layer. All the assumptions and notations described in the previous section will
continue to hold throughout this section.
With aid of (3.5), the pointwise L∞ bound of F− I can be stated as
Lemma 4.1. Under the same assumption as Theorem 1.1, we have
B(T ) ≤M(εθ0 +A(T ) +B(T )
2).
Proof. Step One: T > 1. Integrating (3.6) along particle trajectories for t ∈ [1, T ] yields
‖F − I‖4L∞(t) ≤ ‖F0 − I‖
4
L∞(1) +M
∫ T
1
‖G‖4L∞ds. (4.1)
We estimate the last term here as follows.
‖G‖4L∞ ≤M‖G‖
4
W 1,4
≤M
[∫
R2
G
4dx+
∫
R2
|∇G|4dx
]
≤M
∫
R2
|∇G|2dx
∫
R2
G
2dx+
∫
R2
|∆G|2dx
∫
R2
|∇G|2dx
≤MA(T )
[∫
R2
|Pu˙|2dx+
∫
R2
|∇Pu˙|2dx
]
.
Since t ≥ 1, it follows from above that∫ T
1
‖G‖4L∞ds ≤MA(T )
∫ T
1
∫
R2
(|Pu˙|2 + |∇Pu˙|2)dx
≤M(ε20 +A(T )
2).
Thus, for T > 1, it holds
B(T ) ≤M
[
ε0 +B(1) +A(T )
]
.
Step Two: T ≤ 1.
Let Γ be the fundamental solution for the Laplace operator
Γ(x) =
1
2π
ln |x|.
Denoting the element in the reference coordinate by X, and the flow map is given by
d
dt
x(t,X) = u(x(t,X), t), with x(0,X) = X.
From the definition of F, it holds
∂Xi = Fmi∂xm .
Since ∆G = ∇Pu˙, along the trajectory, it holds, after changing variables
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GF(x(s), s) = Γ ⋆∇Pu˙i(·, s)(x(s,X))F(x(s,X), s)
+ (−∆)−1curlcurl(F − I)(x(s,X), s)F(x(s,X), s)
+ (−∆)−1∇Pdiv((F − I)(F − I)⊤)(x(s,X), s)F(x(s,X), s)
=
3∑
n=1
Nn.
(4.2)
Note that the ijth entry of N1 can be written as
(N1)ij = Γ ⋆∇xmPu˙i(·, s)(x(s,X))Fmj (x(s,X), s)
=
∫
R2
Γ(x(s,X)− y)∇ymPu˙i(y, s)dyFmj(x(s,X), s)
=
∫
R2
∇xmΓ(x(s,X)− y)Pu˙i(y, s)dyFmj(x(s,X), s)
=
∫
R2
∇XjΓ(x(s,X) − y)Pu˙i(y, s)dy
=
d
ds
(∫
R2
∇XjΓ(x(s,X)− y)ui(y, s)dy
)
−
∫
R2
Γmk(x(s,X) − y) (uk(x(s,X), s) − uk(y, s))ui(y, s)dyFmj(x(s,X), s)
−
∫
R2
Γm(x(s,X)− y)Q(u · ∇u)(y, s)dyFmj(x(s,X), s)
=
3∑
m=1
N1m .
Since
∇XjΓ ⋆ ui(·, s) = Γm ⋆ ui(·, s)Fmj(x(s,X), s),
one obtains
‖∇XjΓ ⋆ ui(·, s)‖L∞ ≤M‖Γm ⋆ ui(·, s)‖L∞
≤M
[
‖u‖Lp + ‖u‖L3
] (4.3)
for any p ∈ [1, 2) (see for example (1.32) in [9]). From Lemma 3.2, we have
‖u‖pLp ≤M
∫
R2
(1 + |x|2)−
p
2 (1 + |x|2)
p
2 |u|pdx
≤M
(∫
R2
(1 + |x|2)
− p
2−p
)1− p
2
(∫
R2
(1 + |x|2)|u|2dx
) p
2
≤Mε
p
2
0
if p is chosen sufficiently close to 2. In addition, since t ≤ T ≤ 1,
‖u‖L3 ≤M‖u‖
1
3
L2
‖u‖
2
3
L4
≤Mε
1
6
0 .
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Substituting these estimates back into (4.3), we then find that Γj ⋆ui(·, s) can be bounded
as
‖∇XjΓ ⋆ ui(s)‖L∞ ≤Mε
θ
0 for all 0 ≤ s ≤ 1,
and hence
∣∣∣∣
∫ t
0
N11ds
∣∣∣∣ ≤Mεθ0.
Let φ(y, s) be the integrand of N12 . Then since |Γmk(x)| ≤ C for |x| ≥ 1,
∫ t
0
∫
|x(s)−y|≥1
|φ(y, s)|dy|Fmj(x(s,X), s)|ds ≤Mε0.
On the other hand, for α ∈ (12 , 1),
∫ t
0
∫
|x(s)−y|≤1
|φ(y, s)|dy|Fmj(x(s,X), s)|ds
≤M
∫ t
0
〈u(·, s)〉α
∫
|x(s)−y|≤t
|x(s)− y|α−2|u(y, s)|dyds
≤M
(∫ 1
0
r
4(α−2)
3 rdr
)3
4
sup
0≤s≤t
‖u(·, s)‖L4
∫ t
0
〈u(·, s)〉αds
≤M
∫ t
0
〈u(·, s)〉αds
(4.4)
by Lemma 3.3. Applying Lemma 3.4, we then obtain that
∫ t
0
∫
|x(s)−y|≤1
|φ(y, s)|dy|Fmj(x(s,X), s)|ds
≤Mε
1−α
2
0 B(t)
α
2 +M
∫ t
0
(
ε0 +
∫
R2
|∇u|dx
) 1−α
2
(∫
R2
|Pu˙|2dx
)α
2
ds
≤M(εθ0 +B(t)) +M
(∫ t
0
s−αds
) 1
2
(
ε0 +
∫ t
0
∫
R2
|∇u|2
) 1−α
2
×
(∫ t
0
∫
R2
s|Pu˙|2dxds
)α
2
≤M(εθ0 +B(t) +A(t)
1
2 ).
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For N13 , from the definition of Q, it holds
N13 = −
∫
R2
Γm(x(s)− y)Q(u · ∇u)(y, s)dyFmj(x(s,X), s)
= −
∫
R2
Γm(x(s)− y)∂m(−∆)
−1div(u · ∇u)(y, s)dyFmj(x(s,X), s)
=
∫
R2
Γ(x(s)− y)div(u · ∇u)(y, s)dyFmj(x(s,X), s)
=
∫
R2
Γim(x(s)− y)ui(y, s)um(y, s)dyFmj(x(s,X), s)
=
∫
R2
Γim(x(s)− y)(ui(y, s)− ui(x(s), s))um(y, s)dyFmj(x(s,X), s),
here one uses the identity
ui(x(s), s)
∫
R2
Γim(x(s)− y)um(y, s)dy = 0
as divu = 0. Hence, one can proceed as the argument for N12 to obtain∣∣∣∣
∫ t
0
N13ds
∣∣∣∣ ≤M(εθ0 +B(t) +A(t) 12 ).
For N2, one has∣∣∣∣
∫ t
0
N2ds
∣∣∣∣ ≤
∫ t
0
‖(−∆)−1curlcurl(F − I)(x(s), s)‖L∞ds
≤M
∫ t
0
‖F− I‖
1
2
L2
‖curlcurl(F − I)(x(s), s)‖
1
2
L2
ds
≤MA(t)
1
4
∫ t
0
‖∇Pu˙‖
1
2
L2
ds
≤MA(t)
1
4
(∫ t
0
s−
2
3ds
) 3
4
(∫ t
0
‖s∇Pu˙‖2L2ds
) 1
4
≤MA(t)
1
2 .
Similarly, one can bound N3 as ∣∣∣∣
∫ t
0
N3ds
∣∣∣∣ ≤MA(t) 12 .
Combining all these estimates, we then obtain that∣∣∣∣
∫ t
0
GF(x(s), s)ds
∣∣∣∣ ≤M(εθ0 +B(t) +A(t) 12 ). (4.5)
On the other hand, from the second equation of (1.1) and the definition of G, one has
d
ds
(F(x(s), s) − I) + (F(x(s), s) − I)F(x(s), s) = GF(x(s), s).
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Integrating this identity along the trajectory and using (4.5), it follows∣∣∣∣(F(x(t), t) − I)∣∣∣s=t
s=0
∣∣∣∣ ≤M
∫ t
0
|F− I|ds +M(εθ0 +B(t) +A(t)
1
2 ).
This further implies
|F(x(t), t) − I| ≤M
∫ t
0
|F− I|ds +M(εθ0 +B(t) +A(t)
1
2 ).
Applying Gronwall’s inequality, one finally concludes
sup
0≤t≤T
‖F − I‖2L∞ ≤M
[
εθ0 +A(T ) +B(T )
2
]
,
as required. 
5. Proof of Theorem 1.1
In this section we apply the a priori estimates obtained in previous sections to complete
the proof of Theorem 1.1 stated in Introduction.
To begin with, we consider an approximating system to (1.1)

∂tu+ u · ∇u− µ∆u+ δ(−∆)
2u+∇P = div(FF⊤),
∂tF+ u · ∇F = ∇uF,
divu = 0,
(u(x, 0), F(x, 0)) = (u0, F0),
(5.1)
where δ > 0 is the parameter. Note that constraints (1.2) and (1.3) still hold true since
their verification only involves the equation of F. Thanks to the higher order diffusion
term, δ(−∆)2u, the flow map is smooth enough such that calculations in all previous
sections are meaningful also for these approximate solutions. Moreover the trajectories
are also well defined for initial data (u0, F0) ∈ L
2(R2). In addition, the global existence of
solutions to (5.1) can be established through a standard energy method.
Let (u0, F0) be initial data as described in Theorem 1.1, and let (u
n, Fn) be the solution
of (5.1) with δ = 1
n
. Then one can obtain for approximate solutions the uniform a priori
estimates as those described in Lemma 2.2 and Lemma 3.1. In particular,
A(T ) ≤M
(
εθ0 +A(T )
2 +B(T )2
)
and
B(T ) ≤M
(
εθ0 +A(T ) +B(T )
2
)
for all T <∞, where A and B are defined similarly as in (1.6) and (1.7), but with (u, F)
being replaced by (un, Fn). Using the fact that A and B are continuous in t and the
hypothesis that ε0 is small, we may then conclude that
A(T ) +B(T ) ≤ Cεθ0,
for an absolute positive constant C for all T > 0.
Based on this bound, up to a subsequence, we can assume that for an arbitrary T > 0
un → u weak∗ in L∞(0, T ;L2(R3)) ∩ L2(0, T ;H1(R2))
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and
F
n → F weak∗ in L2(0, T ;L2(R2)) ∩ L∞((0, T )× R2).
Then it is a routine argument to get (see for example [21]) that as n→∞
1
n
∆un → 0 in D′(R+ × R2)
un · ∇un → u · ∇u in D′(R+ × R2)
and
F
n ⊗ un − un ⊗ Fn → F⊗ u− u⊗ F in D′(R+ ×R2).
Taking the limit as n→∞ in the momentum equation of (1.1), one has
∂tu+ u · ∇u−∆u+∇P = div(FF⊤ − I) in D
′(R+ ×R2), (5.2)
where the notation f means the weak limit in L2 of {fn}.
To complete the proof of the theorem, it suffices to show the strong convergence of the
deformation gradient in L2.
Lemma 5.1. Fn − I → F− I converges strongly in L2(R2).
Proof. Multiplying the second equation in (1.1) by (Fn − I), we have, using div(Fn)⊤ = 0
1
2
∫
R2
|Fn(t)− I|2dx−
1
2
∫
R2
|F0 − I|
2dx =
∫ t
0
∫
R2
∇un : (Fn(Fn)⊤ − I)dxds; (5.3)
and similarly
1
2
∫
R2
|F(t)− I|2dx−
1
2
∫
R2
|F0 − I|
2dx =
∫ t
0
∫
R2
∇u : (FF⊤ − I)dxds; (5.4)
On the other hand, taking the inner product of the momentum equation with un gives∫ t
0
∫
R2
∇un : (Fn(Fn)⊤ − I)dxds
= −
1
2
∫
R2
|un(t)|2dx+
1
2
∫
R2
|u0|
2dx−
∫ t
0
∫
R2
|∇un|2dxds;
(5.5)
while the inner product of (5.2) with u gives∫ t
0
∫
R2
∇u : FF⊤ − Idxds
= −
1
2
∫
R2
|u(t)|2dx+
1
2
∫
R2
|u0|
2dx−
∫ t
0
∫
R2
|∇u|2dxds.
(5.6)
Due to the convexity of x 7→ x2, it can be deduced from (5.5) and (5.6) that
lim sup
n→∞
∫ t
0
∫
R2
∇un : (Fn(Fn)⊤ − I)dxds ≤
∫ t
0
∫
R2
∇u : FF⊤ − Idxds,
and hence this in turn, according to (5.3)-(5.4) , implies that
1
2
∫
R2
|F(t)− I|2dx ≤
1
2
∫
R2
|F − I|2dx+R (5.7)
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with
R =
∫ t
0
∫
R2
∇u : FF⊤ − Idxds−
∫ t
0
∫
R2
∇u : (FF⊤ − I)dxds.
Next we claim that
R = 0.
Indeed, observing that∫ t
0
∫
R2
∇u : FF⊤ − Idxds
= lim
n→∞
∫ t
0
∫
R2
∇u : (Fn(Fn)⊤ − I)dxds
= lim
n→∞
∫ t
0
∫
R2
∇u : (Fn − I + (Fn − I)(Fn − I)⊤)dxds
=
∫ t
0
∫
R2
∇u : (F− I)dxds + lim
n→∞
∫ t
0
∫
R2
∇u : (Fn − I)(Fn − I)⊤dxds
=
∫ t
0
∫
R2
∇u : (F− I)dxds +
1
2
lim
n→∞
∫ t
0
∫
R2
[
∇u+ (∇u)⊤
]
: (Fn − I)(Fn − I)⊤dxds.
(5.8)
Since∇u+(∇u)⊤ ∈ L2(R2) is symmetric, there exists a complex-valued matrix S ∈ L4(R2)
such that
∇u+ (∇u)⊤ = SS⊤.
Thus the last term in (5.8) takes the form
1
2
lim
n→∞
∫ t
0
∫
R2
|S⊤(Fn − I)|2dxds,
which is bigger than
1
2
∫ t
0
∫
R2
|S⊤(F− I)|2dxds.
Therefore, (5.8) further implies that∫ t
0
∫
R2
∇u : FF⊤ − Idxds ≥
∫ t
0
∫
R2
∇u : (FF⊤ − I)dxds, (5.9)
and it follows
R ≥ 0.
A similar argument as from (5.8) to (5.9) with ∇u being replaced by −∇u gives∫ t
0
∫
R2
∇u : FF⊤ − Idxds ≤
∫ t
0
∫
R2
∇u : (FF⊤ − I)dxds,
and it follows
R ≤ 0.
Combining those two inequalities together gives the desired claim.
(5.7) now implies that
1
2
∫
R2
|F(t)− I|2dx ≤
1
2
∫
R2
|F− I|2dx.
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Since |F(t)− I|2 ≥ |F−I|2 almost everywhere because of the convexity of the map x 7→ x2,
it follows that
1
2
∫
R2
|F(t)− I|2dx =
1
2
∫
R2
|F− I|2dx.
This, combining with the weak convergence of Fn−I in L2(R2), implies Fn(t)−I converges
to F(t)− I strongly in L2(R2) for almost all t > 0. 
With the strong convergence of Fn − I in L2 and with their L∞ norm being uniformly
bounded, constraints (1.2) and (1.3) are also preserved under the limiting process. We
thus complete the proof of the theorem.
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